Let X be a non-degenerate connected compact metric space. If X admits a distal minimal action by a finitely generated amenable group, then the firstČech cohomology groupȞ 1 (X) with integer coefficients is nontrivial. In particular, if X is homotopically equivalent to a CW complex, then X cannot be simply connected.
INTRODUCTION
The notion of distality was introduced by Hilbert for better understanding equicontinuity ( [2] ). The study of minimal distal systems culminates in the beautiful structure theorem of H. Furstenberg ([3] ), which describes completely the relations between distality and equicontinuity for minimal systems. An interesting question is what compact manifold can support a distal minimal group action? Clearly, the answer to this question depends on the topology of the phase space and the algebraic structure of the acting group. A remarkable result says that if a nontrivial space X admits a distal minimal actions by abelian groups, then X cannot be simply connected (see e.g. [1, ). Thus the n-sphere S n does not admit any distal minimal abelain group actions. In [9] , the author showed that if X is a closed surface and Γ is a lattice in SL(n, R) with n ≥ 3, then Γ cannot act on X distally and minimally.
We consider amenable group actions on continua and get the following theorem.
Theorem 1.1. Let X be a non-degenerate compact connected metric space. If X admits a distal minimal action by a finitely generated amenable group, then the firstČech cohomology groupȞ 1 (X ) with integer coefficients is nontrivial. In particular, if X is homotopically equivalent to a CW complex, then X cannot be simply connected.
The following corollary is immediate.
The n-sphere S n (n ≥ 2) does not admit any distal minimal actions by finitely generated amenable groups.
Here we remark that the class of amenable groups is strictly larger than that of abelian groups, which contains all solvable groups. In addition, there do exist distal minimal actions on S n by nonamenable groups, such the actions generated by some irrational rigid rotations around different axes of R n+1 .
PRELIMINARIES
In this section, we will recall some basic notions and introduce some results which will be used in the proof of the main theorem.
2.1. Distal group actions. Let X be a topological space and let Homeo(X ) be the homeomorphism group of X . Suppose G is a topological group. A group homomorphism φ : G → Homeo(X ) is called a continuous action of G on X if (x, g) → φ (g)(x) is continuous; we use the symbol (X , G, φ ) to denote this action. The action φ is said to be faithful if it is injective. For brevity, we usually use gx or g(x) instead of φ (g)(x) and use (X , G) instead of (X , G, φ ) if no confusion occurs.
For
if K is closed and nonempty, and the restriction action (K, G, φ |K) is minimal, then we call K a minimal set of X or of the action. It is well known that (X , G, φ ) always has a minimal set when X is a compact metric space.
Suppose
Assume further that X is a compact metric space with metric d. The action (X , G, φ ) is called equicontinuous if for every ε > 0 there is a δ > 0 such that d(gx, gy) < ε whenever d(x, y) < δ ; is called distal, if for every x = y ∈ X , inf g∈G d(gx, gy) > 0. Clearly, equicontinuity implies distality.
The following results can be found in [1] . 
Now we list some well known facts about amenable groups and solvable groups. One may consult [8] for the details.
Theorem 2.4. (1) Solvable groups and finite groups are amenable; (2) any group containing a free noncommutative subgroup cannot be amenable; (3) every subgroup of an amenable group (resp. solvable group) is amenable (resp. solvable); (4) every quotient group of an amenable group (resp. solvable group) is amenable (resp. solvable).
The following remarkable result is known as Tits Alternative (see [10] ).
Theorem 2.5. Let Γ be a finitely generated subgroup of a linear group. Then either Γ contains a free nonabelian subgroup, or Γ has a finite index solvable subgroup.
Compact Lie groups.
Let G be a connected Lie group and let Lie(G) be the Lie algebra of G. Recall that G is said to be solvable if its Lie algebra is solvable, that is there is a sequence of ideals Lie(G) = ℑ 0 ⊲ ℑ 1 ⊲ ... ⊲ ℑ n = {0} such that ℑ i /ℑ i+1 is commutative for each i; this is equivalent to the existence of a sequence of closed normal subgroups G = G 0 ⊲ G 1 ⊲ ... ⊲ G n = 0 such that G i /G i+1 is commutative for each i. If the Lie algebra Lie(G) of G contains no nontrivial solvable ideal, then G is said to be semisimple.
The following theorems are classical in the theory of Lie groups. 2.4. Compact transformation groups. Let (X , G, φ ) be a group action and H be a closed subgroup of G. Then we use X /H to denote the orbit space under the H action, which is endowed with the quotient space topology. We use G/H to denote the coset space with the quotient topology, which is also the orbit space obtained by the left translation action on G by H. If H is a normal closed subgroup of G, then G/H is a topological group.
The following theorems can be seen in [6] . We only state them in some special cases which are enough for our uses. 
2.5.
FirstČech cohomology group. First we will recall an equivalent definition of the firstČech cohomology group with integer coefficients. Let S 1 be the unit circle in the complex plane. For any paracompact normal space X , let C(X , S 1 ) be the set of all continuous functions from X to S 1 , and let I(X , S 1 ) be the set of all f ∈ C(X , S 1 ) which is inessential (i.e. f is homotopoic to a constant map from X to S 1 ). Then under pointwise complex multiplication, C(X , S 1 ) becomes a commutative group and I(X , S 1 ) is a subgroup of C(X , S 1 ). Define the first cohomology groupȞ 1 (X ) of X byȞ 1 (X ) = C(X , S 1 )/I(X , S 1 ). The following theorem is due to Lelek (see [5] or [7, Theorem 13 .45]).
Theorem 2.13. Let f : X → Y be a confluent map from continuum X onto continuum Y . Then f * :
The following theorem is due to Whyburn (see [12] of (X , Γ), we denote by π the factor map between them. Then π is open and surjective by Theorem 2.1. Applying Theorem 2.15, we have π * :Ȟ 1 (Y /H ′ ) →Ȟ 1 (X ) is injective; in particular,Ȟ 1 (X ) = 0. Since the firstČech cohomology group coincides with the first singular cohomology group when X is homotopically equivalent to a CW complex, the fundamental group of X is nontrivial.
